We explore signatures of the non-Markovianity in the time-resolved energy transfer processes for quantum open systems. Focusing on typical systems such as the exact solvable damped Jaynes-Cummings model and the general spin-boson model, we establish quantitative links between the time-resolved energy current and the symmetric logarithmic derivative quantum Fisher information (SLD-QFI) flow, one of measures quantifying the non-Markovianity, within the framework of non-Markovian master equations in time-local forms. We find in the damped Jaynes-Cummings model that the SLD-QFI backflow from the reservoir to the system always correlates with an energy backflow, thus we can directly witness the non-Markovianity from the dynamics of the energy current. In the spin-boson model, the relation is built on the rotating-wave approximation, calibrated against exact numerical results, and proven reliable in the weak coupling regime. From the relation, we demonstrate that whether the non-Markovianity guarantees the occurrence of an energy backflow depends on the bath spectral function. For the Ohmic and sub-Ohmic cases, we show that no energy backflow occurs and the energy current always flow out of the system even in the non-Markovian regime. While in the super-Ohmic case, we observe that the non-Markovian dynamics can induce an energy backflow.
I. INTRODUCTION
The unavoidable interaction of the quantum system with its environment leads to dissipation and decoherence processes which strongly modify the dynamics of the system. In the well-established framework of quantum open systems [1, 2] , the dynamics of the system is totally determined by the reduced density matrix and the environment-induced effects manifest themselves in the nonunitary time evolution of the reduced density matrix. Under the condition of short environmental correlation times, one can formulate the evolution of the reduced density matrix by means of a dynamical semigroup with a corresponding time-independent generator in Lindblad form [1, 3] , a so-called Markovian dynamics is thus defined. If the dynamics of an open system substantially deviates from that of a dynamical semigroup, one encounter a non-Markovian process. Due to an important role of non-Markovian effects in many realistic experimental scenarios [4] [5] [6] [7] [8] [9] [10] , a series of measures are proposed to quantify the degree of quantum non-Markovianity [11] [12] [13] [14] [15] [16] [17] . In despite of distinct forms of those measures, non-Markovian open quantum systems can be basically characterized via their capability to gain back information previously lost due to decoherence [18] .
Besides the reduced dynamics of open systems, the exchange of energy between the open system and its environment also draw a great deal of attention during recent years (see [19] [20] [21] [22] [23] [24] and references therein). Noting the energy transfer properties are closely related to the dynamical characteristics of open systems, a natural question about the signature of quantum non-Markovianity in energy transfer processes arises. Recently, a qualitative connection between an energy * Electronic address: jj liu@fudan.edu.cn backflow obtained in the full counting statistic formalism and the non-Markovianity measured by the trace distance [12] is built in the spin-boson model [25] . However, an independent qualitative study [26] demonstrated that the backflow of the trace distance did not necessarily correlate with the energy backflow in the spin-boson model based on the energy current obtained from the definition of work via the power operator [27, 28] . Such a behavior is also found in the quantum Brownian motion by utilizing the Gaussian interferometric power as a non-Markovianity measure [29] . Nevertheless, a quantitative study addressing the role of non-Markovianity in the energy transfer process is still absent, explicit and analytical connections between the non-Markovianity and dynamics of energy transfer are called for in order to make conclusive statements.
In this paper, among the different criteria and measures that quantify quantum non-Markovianity [11] [12] [13] [14] [15] [16] [17] , we focus on the one which utilizes the symmetric logarithmic derivative quantum Fisher information (SLD-QFI) flow as the fingerprint [14] . As a promising measure, the SLD-QFI flow coincides with the time derivative of the trace distance in exact solvable models [14, 30] . However, the SLD-QFI scheme only needs an optimal input state instead of optimal state pairs in obtaining the trace distance [31] . Furthermore, the SLD-QFI is directly related to the imaginary part of the dynamical susceptibility [32] , the latter is shown to determine the energy transfer properties in the spin-boson model [23] , such a connection implies quantitative links between the non-Markovianity and the energy current from the SLD-QFI point of view.
We concentrate our attention to the exact solvable damped Jaynes-Cummings model and the spin-boson model, both described within non-Markovian master equations in time-local forms. We obtain explicit relations between SLD-QFI flow and time-resolved energy current for these two models. Noting the models we considered are paradigms in the theoretical studies of dynamics of quantum open systems [1, 2] , thus our results possess good adaptability.
From the so-obtained relationships, we find in the damped Jaynes-Cummings model that the SLD-QFI backflow from the reservoir to the system always correlates with the energy backflow, thus we can witness quantum non-Markovianity directly from the dynamics of the energy current. In the spin-boson model, the relation is built on the rotating-waveapproximation (RWA), benchmarks against the quasiadiabatic propagator path integral (QuAPI) shows that our theory is reliable in the weak coupling regime. We demonstrate that whether the non-Markovianity guarantees the occurrence of an energy backflow depends on the bath spectral function. For the Ohmic as well as sub-Ohmic cases, no energy backflow occurs and the energy current always flow out of the system even in the non-Markovian regime. For the super-Ohmic case, we observe that the non-Markovian dynamics can have an energy backflow. Compared with previous studies, our deductions are completely analytical and hence the results are more convincing. Moreover, our scheme is helpful for an experimental determination of SLD-QFI as well as the nonMarkovianity since the energy current is an experimentally measurable quantity.
The article is organized as follows. In Sec. II, we introduce interaction models, the corresponding time-local master equations and their solutions are also recalled. In Sec. III, we first briefly review the SLD-QFI and its properties, then derive explicit relations between SLD-QFI flow and transient energy current for models we considered. Finally, in Sec. IV, we discuss the results in detail and reveal the signature of nonMarkovianity in energy transfer processes. Conclusions are drawn in Sec. V.
II. MODEL AND MASTER EQUATIONS
General quantum open systems are governed by the following Hamiltonian
where H s and H B are the Hamiltonians of system and environment, respectively, and H I denotes a system-environment interaction Hamiltonian. Given a factorized initial systemenvironment state, the evolution of the reduced density matrix ρ s can be described by the time-local master equations [1, 33] 
in order to preserve the Hermiticity and trace of the density matrix, the time-dependent generator K must be of the form in the Schrödinger picture [12, 18, [33] [34] [35] ]
whereH s (t) = H s +H LS (t) with H LS (t) the time-dependent Lamb shift Hamiltonian, γ i (t) and A i (t) denote the relaxation rates and Lindblad operators, respectively, {P, Q} is the anticommutator for arbitrary operators P and Q. Master equations in such time-local forms can be derived by employing the time-convolutionless projection operator technique [1] . If the HamiltonianH s (t), the relaxation rates γ i (t) and Lindblad operators A i (t) are time independent, and all γ i are positive, the above master equation reduces to the well-known Lindblad equation describing the conventional Markovian process [3] . However, in the time-dependent case γ i (t) can become temporarily negative without violating complete positivity, thus leading to the non-Markovian dynamics. In this study, we focus on two specific interaction models whose master equations have the time-local forms and for which signatures of non-Markovianity in the energy transfer process can be revealed explicitly.
A. The Damped Jaynes-Cummings model
The first one is the damped Jaynes-Cummings model [1, 14, 18, 36] . The system Hamiltonian H s and the environmental Hamiltonian H B are given by
where ω 0 is the energy spacing between ground state |g and excited state |e of the system, σ − = |g e| and σ + = |e g| are the lowering and raising operators of the system, b k and b † k are annihilation and creation operators for the bosonic reservoir mode labeled by k with frequency ω k . The interaction term is taken to be
with coupling constants g k . Due to the conservation of the number of excitations, this model can be exactly solvable. For the sake of completeness, we briefly recall the exact results. In the interaction picture, the exact master equation for ρ(t) has the time-local form of Eq. (2)
where the time-dependent Lamb shift H LS (t) = S(t)σ + σ − with S(t) = −2Im Ġ (t)/G(t) and the relaxation rate
, the function G(t) is totally determined as the solution of the integral equation
with
Fourier transform of the bath spectral density J(ω) and the initial condition G(0) = 1.
The model was frequently used to describe the atom-cavity system [1] , so we usually choose the Lorentzian spectral function
with λ the width and γ 0 the strength of the systemenvironment coupling. Then the function G(t) takes the form
where d = λ 2 − 2γ 0 λ. Since G(t) is real, we will obtain a vanishing Lamb shift S(t) = 0, and the relaxation rate γ(t) reads
For weak couplings, corresponding to γ 0 < λ/2, Eq. (10) is always positive such that the dynamics is Markovian. In the limit of γ 0 ≪ λ/2 the rate γ(t) becomes time independent, then the master equation Eq. (6) is of the Lindblad form and leads to a dynamical semigroup. However, in the strong coupling regime, namely, for γ 0 > λ/2, γ(t) will take negative values, implying that a non-Markovian dynamics emerges. Considering the general initial condition for the reduced density matrix
with η a real parameter. We can obtain an explicit form for ρ s (t) from the master equation Eq. (6) as follows
B. The spin-boson model
The second model is the spin-boson model [2, 37] . As a minimal prototype in studying nontrivial effects induced by the environment, it can describe many physical realizations, such as electron-transfer reactions [38] , biomolecules [39] , superconducting circuits [2] , tunneling light particles in metals [40] , anomalous low temperature thermal properties in glasses [41] , to mention just a few. The environment is still taken to be a bosonic bath and the corresponding Hamiltonian is again given by Eq. (4), but the system Hamiltonian and the interaction term are replaced by
where σ z,x denote the usual Pauli matrices, other notations remain the same meanings with the damped Jaynes-Cummings model.
We assume that the system-environment coupling is weak and employ the second-order time-convolutionless master equation [1] within the RWA to describe the evolution of the reduced density matrix. Within the approximation, the Lamb shift is negligible, we have the following Schrödinger picture master equation [42] [43] [44] 
where the relaxation rates are determined by
with n B the Bose-Einstein distribution characterized by the temperature T . In order to solve the above master equation, we can write it in terms of the Bloch vector
the matrix M (t) is given by
and the vector b(t) = (0, 0, γ d (t)) T , where we have introduced 
Therefore, the reduced density matrix can be expressed as
with I the 2 × 2 identity matrix.
III. NON-MARKOVIANITY AND TIME-RESOLVED ENERGY CURRENT
In this section, we will build explicit relations between the non-Markovianity and the transient energy current for the above two models.
A. Quantum Fisher information and non-Markovianity
At first, for the sake of completeness, we briefly review the properties of the SLD-QFI and especially its application in quantifying the non-Markovianity. By applying a phase transformation to the reduced density matrix such that ρ s (θ; t) contains a real parameter θ. Then the SLD-QFI is defined as [45] 
where L(θ; t) is the symmetric logarithmic derivative determined by
The SLD-QFI plays a vital role in quantum metrology [46] and quantum estimation theory [45] . An equivalence to the fidelity susceptibility even enables the SLD-QFI to analyze quantum phase transitions in the ground state [47] [48] [49] and in dissipative systems [50, 51] . Furthermore, multiparticle entanglement can be detected via the SLD-QFI [52] . According to the quantum Cramér-Rao theorem for the mean-square error (δθ)
2 [53] of estimation results for the parameter θ [45] (δθ)
with N the times of independent measurements, we know that the SLD-QFI imposes an upper bound on the precision of parameter estimation. A larger SLD-QFI implies that the parameter θ can be estimated with higher precision. Here we consider the parameter θ introduced onto the system through the following interferometer [54] 
where J n = n · J with n an arbitrary direction and J the angular momentum. For two-level systems (TLSs), we have J = σ/2. Under such a transformation, the resulting SLD-QFI is independent of the parameter θ and takes a simple form in TLSs [55]
with B(t) the Bloch vector from the reduced density matrix. Therefore, the results we obtain below is independent of extra parameters and just manifests intrinsic properties of the systems we considered. Since only the maximum SLD-QFI is of physical significance, we should firstly choose an optimal direction n o in Eq.
(26) which corresponds to an optimal experimental setup (see the details in the Appendix A), then adopt an optimal initial spin state to further maximize the SLD-QFI. By doing so, the maximum SLD-QFI of TLSs reads (27) with B M (t) the Bloch vector Eq. (20) obtained from the optimal initial spin state. Since the initial condition Eq. (11) corresponds to a pure state, then the initial maximum SLD-QFI F M (0) is equal to 1 according to the property of the Bloch sphere. If the dynamics is Markovian, the evolution of the open system will be governed by a completely positive and trace-preserving map (or a dynamical semigroup) and the maximum SLD-QFI F M (t) of the system will monotonically decreases from 1 [56] , meaning that information continuously flow out of the system towards the environment. Analogously, a temporary increase of the maximum SLD-QFI F M (t) can be ascribed to a backflow of information from the environment to the system again. Non-Markovian quantum dynamics are accordingly defined as those which show a nonmonotonic behavior of the maximum SLD-QFI F M (t), similar to the situation of the trace distance [12] . Then we can introduce the SLD-QFI flow
to quantify the non-Markovianity [14] . Once the SLD-QFI flow becomes positive at some time interval, it signifies the emergence of the non-Markovian dynamics.
B. Information flow and energy current
In this subsection, we will establish explicit relations between the SLD-QFI flow [Eq. (28) ] and the time-resolved energy current. Since we focus on the dynamics of the open system and note that the maximum SLD-QFI is totally determined by the reduced density matrix, correspondingly, we consider the following definition for the time-resolved energy current
where H s is the system Hamiltonian. If I E > 0, meaning that we have a backflow of energy from the environment to the system. For the damped Jaynes-Cummings model, we have already known that [14] I Q (t) = 2G(t)Ġ(t) (30) with the optimal initial condition corresponds to sin η = 1 in Eq. (11) . Under the same initial condition, the reduced density matrix Eq. (12) reads
Then the time-resolved energy current Eq. (29) takes the form
Compared the above result with Eq. (30), we immediately obtain
for the damped Jaynes-Cummings model. For the spin-boson model, we find the optimal initial state that maximizes the SLD-QFI [Eq. (27) ] to be the spin-up state of σ z which corresponds to cos η = 1 in Eq. (11), therefore the Bloch vector [Eq. (20) ] becomes B M (t) = (0, 0, e −Γ (1 + δ)) and
Hence the SLD-QFI flow takes the form
(35) From the reduced density matrix, we have
Then we can obtain for the spin boson model that
where we have used the fact that B 3 is just the spin population σ z . Eqs. (33) and (37) are the main results of this study. It is worthwhile to remark that although the definitions Eqs. (28) and (29) are quite general, a universal link between I Q and I E is absent since the optimal initial system state in obtaining the maximum SLD-QFI is model-dependent as we saw in the present two models. However, we expect model-dependent connections to exist in open systems beyond paradigms considered here, such as the open multi-level system which desires a further investigation.
Nevertheless, the identification given by Eqs. (33) and (37) still have several conceptual implications. First, we can study the non-Markovianity from the energy transfer perspective. Experimental advances in the field of energy transfer at nanoscale [57] [58] [59] [60] even enable us to experimentally determine SLD-QFI as well as non-Markovianity. Second, through rigorous relations we show that the dynamics of open systems inevitably manifests in the energy transfer process.
IV. DISCUSSIONS
In this section, we will study the signature of the nonMarkovianity measured by the SLD-QFI flow in the energy transfer process for the two models by using Eqs. (33) and (37) .
A. The Damped Jaynes-Cummings model
We first look at the damped Jaynes-Cummings model. The physical meaning of the relation Eq. (33) is quite apparent. In the weak coupling regime where the dynamics is Markovian, I Q and I E are always negative as can be seen from Fig. 1(a) , implying the SLD-QFI and energy are continuously lost during the time evolution of the open system. At sufficient large times when a thermal equilibrium is established between the system and the bosonic bath, they approach zero.
In the strong coupling regime in which the dynamics is non-Markovian, the relaxation rate takes on negative values in some intervals of time as shown in the inset of Fig. 1(b) . Within those intervals, both I Q and I E become positive. Thus in this exact solvable model, the SLD-QFI backflow or nonMarkovianity always guarantees the occurrence of the energy backflow and we can witness the non-Markovianity directly from the dynamics of the energy exchange. Insets show the relaxation rate γ as functions of rescaled time for both regimes. We have chose ω0 = 1 as the unit.
B. The spin-boson model
Compared with the above exact solvable system, the interplay between I Q and I E in the spin-boson model is complicated due to the evolution of the spin population as illustrated by Eq. (37) .
In the following study, we choose the spectral density as [2] J(ω) = παω s ω
where α is the dimensionless system-bath coupling strength, ω c denotes the cut-off frequency. The case s > 1(s < 1)
corresponds to super-Ohmic (sub-Ohmic) dissipation, and s = 1 represents the important case of frequency-independent (Ohmic) dissipation. Since we have utilized the RWA in the master equation Eq. (14), the results we obtained should be valid in the weak coupling regime [1] . We first focus on the Ohmic case. Noting SLD-QFI [Eq. (27) ] and I E [Eq. (29) ] are totally determined by the reduced density matrix ρ s (t), we can carry out numerical simulations to calculate them for comparisons. Among various numerical methods, we utilize the QuAPI which serves as a benchmark for the spin-boson model [61] to obtain exact temporal behaviors for the reduced density matrix. The initial spin state in numerical simulations is taken to be the optimal initial state, namely, the spin-up state of σ z . Once the exact evolution of the reduced density matrix ρ s (t) is obtained, we can get the corresponding numerical results for I Q (t) and I E (t) according to definitions Eqs. (28) and (29), respectively. The results are summarized in Fig. 2 . As can be seen, our theory indeed captures essential features of quantities we considered in the weak coupling regime, although minor deviations exist between the theory and exact numerical results. figure, we observe that the SLD-QFI flow I Q is negative only at short time scales, after a certain time, a backflow will occur and the non-Markovian dynamics emerges. In contrast, the transient energy current I E is always negative even at the non-Markovian regime due to the sign change of the spin population. Thus in this case the non-Markovianity does not guarantees the occurrence of the energy backflow, in accordance with the finding in Ref. [26] . We then turn to the non-Ohmic case. For sub-Ohmic spectrums, we take s = 0.8 as an illustration, other values with s < 1 depict similar behaviors. For super-Ohmic spectrums, by taking the possible experimental relevance into account, we choose s = 3 since it can apply to a defect tunneling in the b.c.c. materials Nb and Fe with coupling to acoustic phonons [62] . Since our theory is correct in the weak coupling regime, we only present theoretical results in Fig. 3 for simplicity. As can be seen from Fig. 3(a) , the evolution behaviors of I Q and I E in the sub-Ohmic case are quite similar to those in the Ohmic case, thus we can conclude that for s ≤ 1 there is no energy backflow even in the non-Markovian regime. While for the super-Ohmic case as shown in Fig. 3(b) , both I Q and I E depict oscillating behaviors as a function of time. For positive spin populations, those oscillations ensure that the SLD-QFI backflow always accompanies an energy backflow. Noting the time from which the spin population becomes negative is quite large compared with the time scale ω −1 0 of the system as shown in the inset, thus we can observe the energy backflow in the non-Markovian regime for a long time.
V. SUMMARY
We have studied signatures of the non-Markovianity in the transient energy current for typical quantum open systems. By utilizing the SLD-QFI flow, one of measures quantifying the non-Markovianity, we establish explicit relations between the non-Markovianity and transient energy current for the damped Jaynes-Cummings model and the spin-boson model, both described within non-Markonian master equations in time-local forms.
In the exact solvable damped Jaynes-Cummings model, the relation between SLD-QFI flow and the transient energy cur-rent clearly reveals that the SLD-QFI backflow always correlates with an energy backflow, thus we can witness the nonMarkovianity directly from the dynamics of energy exchange. By contrast, in the spin-boson model, we focus on the weak coupling regime where the theory is valid as confirmed by the quasiadiabatic propagator path integral and demonstrate that whether the non-Markovianity guarantees the occurrence of an energy backflow depends on the bath spectral function. In the Ohmic as well as sub-Ohmic case, there is simply no energy backflow occurs and the energy current always flow out of the system even in the non-Markovian regime. While in the super-Ohmic case, we observe that an energy backflow occurs whenever a non-Markovian dynamics emerges during a long time interval.
In perspective, it would be interesting for us to go beyond the rotating-wave-approximation and investigate the strong coupling regime of the spin-boson model where nonMarkovian effects are significant. The generality of the present result also needs a thorough investigation.
